Abstract-In Part I of the paper, analytical field solutions, which account for the fringing flux associated with the finite length of the ferromagnetic armature core in tubular permanent-magnet machines, are established. In Part II, the technique is applied to both slotless and slotted machines, and the results are verified by finite-element calculations. The analytical field solutions enable the resultant cogging force associated with the finite length of the armature to be determined as a function of the armature displacement, for both radially and Halbach magnetized stators. Thus, they not only provide an effective means for evaluating the influence of leading design parameters on the cogging force waveform, but also facilitate its minimization.
T HE EFFECT OF fringing, associated with the finite length of the ferromagnetic armature core, on the flux-linkage, electromotive force (EMF), and thrust force of tubular permanent-magnet machines has been analyzed in Part I of the paper. However, the interaction of the permanent magnets with the finite-length armature core produces another undesirable effect-cogging force, which causes the armature to align in a position that corresponds to minimum magnetic energy when unexcited. This component of cogging force results primarily from the normal forces and , which are developed on each end face of the armature core, as illustrated in Fig. 1 . The two components are unidirectional and act in opposite directions. For tubular permanent-magnet machines that have a slotted armature, there exists a second component of cogging force that is caused by the interaction of the permanent-magnet field with the permeance function of the slotted core. If not reduced to an acceptable level, the cogging force will have a destabilizing effect on the servo control system and compromise position and speed control accuracy.
With regards to the cogging force component due to slotting, most cogging force reduction techniques [1] - [5] that are employed for rotary permanent-magnet machines are effective. However, they are not effective for reducing the cogging force component associated with the finite core length since this has a different wavelength from the component due to slotting, namely, one pole pitch cf. one tooth-pitch. To overcome this problem, a different technique, which utilizes the fact that the cogging force components at each end of the armature are unidirectional and act in opposite directions, has been proposed [6] . By optimizing the armature core length, the cogging force components associated with both ends can cancel each other. In order to apply this technique, however, a knowledge of the variation of the cogging force component at one end of the armature as a function of armature position over a half-pole pitch period is required. Although this relationship can be obtained by numerical techniques, such as finite-element analysis, it remains time consuming, particularly in a design optimization process when different combinations of design parameters are being considered. Utilizing the analytical field solutions that have been established in Part I, the single-ended and resultant cogging forces can be determined as functions of the armature displacement, for both radial and Halbach magnetized tubular machine topologies. Thus, they not only provide an effective means for evaluating the influence of leading design parameters on the cogging force waveform, but also facilitate its minimization.
II. COGGING FORCE PREDICTION
The finite length of the armature core results in a cogging force that is dependent only on the relative position between the armature and the stator magnets. The cogging force acting at one end of the armature is unidirectional, and the net cogging force is the algebraic sum of the forces acting at both ends, as illustrated schematically in Fig. 1 .
In Part I, the magnetic field distribution in region I of the analytical model of Fig. 1 was established for both radial and Halbach magnetized stators. For example, with radially magnetized magnets, the axial component of flux density in region I is given by (1) where is a modified Bessel function of the second kind of order 0,
, and the definition of the coefficient is given in Appendix A of Part I. The single-ended cogging force can be derived by application of the virtual work principle. For example, the cogging force at the left end of the armature is given by (2) 0018-9464/03$17.00 © 2003 IEEE where denotes the left end surface of the armature core. Since at this surface, , , (2) can be further simplified to (3) where is the outer radius of the armature core. The positive sign in (3) indicates that the force acts in the direction of the axis. Similarly, the cogging force at the right end of the armature is given by (4) The resultant cogging force is, therefore, obtained as (5) Equation (5) may be rewritten as (6) For a machine with radially magnetized magnets, this can be further simplified to (7) By replacing with , (7) is also applicable to a machine equipped with Halbach magnetized magnets.
For a given displacement , between the armature and the stator magnets, as shown in Fig. 1 , the equations in Appendixes A and B of Part I are used to determine the harmonic coefficients and, subsequently, the single-ended and resultant cogging forces, using (3), (4), and (7). This process is repeated for various values of so as to obtain , , and as functions of for a given set of machine parameters.
III. VALIDATION BY FINITE-ELEMENT ANALYSIS
The foregoing analytical scheme for calculating the cogging force is applied to both radial and Halbach magnetized slotless machines, whose leading design parameters are given in Table I of Part I. The magnets are sintered NdFeB with 1.15 T and . The outer radius of the armature core is 0.035 m. The results obtained from the analytical prediction are validated by finite-element analysis using the model shown in Fig. 2 . Since cogging force may be sensitive to the relative permeability of the stator and armature cores, the magnetic field is solved using the nonlinear model in which the material properties of the cores are represented by their respective B-H curves, and a periodic condition is imposed at the axial boundaries and . The resulting cogging force is calculated using both Maxwell stress integration and the change in coenergy with respect to the displacement of the armature. Fig. 3(a) compares the cogging force components in the radially magnetized machine as a function of the axial position , while Fig. 3(b) compares the resultant cogging force that acts on the armature core. Similar comparisons are presented in Fig. 4(a) and (b) for the Halbach magnetized machine. As will be seen, the analytical predictions agree well with the finite-element results, the maximum error being less than 3%, which may be attributable to discretization effects, and the nonlinear magnetization curve and finite permeability of the iron in the finite-element analysis. It will be noted that the cogging force is relatively sensitive to the accuracy of the magnetic field solution. Thus, attention must be paid to the accuracy of the flux density components in both the analytical and FE calculations. In this regard, the FE mesh must be relatively fine in the air-gap region close to the armature core, while for the analytical prediction, the number of harmonic terms must be sufficiently high. Fig. 5 shows the variation of the root-mean-square (rms) error, over a half pole pitch between the FE and analytically calculated cogging force as a function of the number of harmonics for the radially magnetized machine. As can be seen, in this particular case an increase in the number of harmonics beyond 25 does not result in a reduction in the rms error.
Since the armature core length used in the calculation is 0.072 m and equal to four (i.e., an integer number) pole pitches, the single-ended cogging force components and are the mirror image of each other [6] . This relationship is clearly evident in Figs. 3(a) and 4(a), although slight discrepancies exist in the finite-element results. It can also be observed that the waveforms of the single-ended cogging force components are almost symmetrical with respect to the axial position at which the peak value occurs. This symmetry is useful for the minimization of the resultant cogging force.
IV. COGGING FORCE MINIMIZATION
Since the cogging force components that act at each end of the armature are unidirectional and in opposition, it is possible to select an optimum armature core length such that the resultant cogging force waveform as a function of the axial displacement has a minimum peak value. The optimal core length may be obtained by evaluating the cogging force waveform using the analytical technique described in Section II by varying the core length. However, a more efficient approach is to determine the optimal core length described as follows [6] . 
If
and are the calculated cogging force components for an armature core length , which is equal to an integer multiple of pole pitches, the two functions will vary periodically with respect to , the period being equal to a pole pitch. Thus, the cogging force components and , asso- ciated with a core length , where denotes an arbitrary increment, can be obtained as (8) The resultant cogging force is, therefore, given by
When the waveforms of and are determined using (3) and (4) over a displacement of a half pole pitch, the complete waveforms for a displacement over one pole pitch can be obtained by taking the mirror image of each component. Hence, can be obtained for any incremental length .By varying the value of over a pole pitch, an optimal incremental length that results in a minimum peak value for can easily be found. Fig. 6(a) shows the variation of the peak cogging force as a function of the incremental length for the radially magnetized machine with the same parameters as stated earlier.
A similar cogging force variation is presented in Fig. 6(b) for the Halbach magnetized machine. It is evident that there is a clearly defined optimal incremental length for both machines, which results in a minimum peak value for the resultant cogging force. The optimal values are 0.0085 and 0.0079 m for the radial and Halbach magnetized machines, respectively, and the corresponding peak cogging forces are 0.34 and 0.053 N. It will be noted that although the Halbach magnetized machine with has a higher peak cogging force than the radially magnetized machine, the former has a much lower minimum peak cogging force than the latter. Fig. 7 (a) and (b) shows the cogging force waveforms that result from three different values of incremental length for the armatures of the two machines. As will be seen, the cogging force waveforms in Fig. 7(a) for the radially magnetized machine are not symmetrical when 0.007 and 0.009 m. Consequently, the cogging force can never be eliminated completely. For the Halbach magnetized machine, however, the cogging force waveforms that result with 0.007 and 0.009 m are both symmetrical, with a period of one pole pitch. This makes it possible, at least in theory, to reduce the cogging force to zero. This is due to the intrinsic sinusoidal magnetization distribution in the Halbach magnetized magnets. As a result, the single-ended cogging force is also sinusoidally distributed with a dc offset, as can be seen from the harmonic distribution in . In contrast, the single-end cogging force waveform for the radially magnetized machine contains a noticeable second-order harmonic that continues to be present when the incremental length is optimized to eliminate the fundamental component of cogging force.
For the radially magnetized machine, the high-order cogging force components become more significant as the radial thickness of the air gap/winding region is reduced. Fig. 9(a) shows the harmonic distribution of the single-end cogging force for a machine having a small air gap, which is equivalent to that of the slotted machine whose leading design parameters are given in Table I of Part I. Due to the existence of such relatively highorder harmonics, it is difficult to reduce the end-effect component of cogging force to an acceptable level simply by varying the incremental length . For the Halbach magnetized machine, however, since the single-end cogging force waveform contains only a dc offset and a fundamental component, even with a small air gap, as shown in Fig. 9(b) , it is possible to eliminate not only the end component of cogging force by optimizing the armature core length, but also the cogging force due to slotting by choosing an appropriate slot opening. Hence, a slotted Halbach magnetized machine can be designed to have an extremely low cogging force while having a high force capability.
V. C ONCLUSION
An analytical expression for predicting the component of cogging force that results from the finite length of an iron-cored armature in a tubular permanent-magnet machine has been established, and a technique for minimizing the cogging force has been described. These have been applied to machines equipped with radial magnetized and Halbach magnetized stators. It has been shown that for a machine with Halbach magnetized magnets, it is possible to completely eliminate the cogging force by choosing an appropriate armature length. In contrast, complete elimination of the cogging force using this technique is not possible for the machines having radially magnetized magnets, particularly when the effective gap between the magnets and the armature core is relatively small, as with a slotted armature.
